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F-SINGULARITIES UNDER GENERIC LINKAGE

LINQUAN MA, JANET PAGE, REBECCA R.G., WILLIAM TAYLOR, AND WENLIANG ZHANG

Dedicated to Prof. Craig Huneke on the occasion of his 65th birthday

ABSTRACT. Let R = k[z1,...,zn] be a polynomial ring over a prefect field of positive characteristic. Let
I be an equi-dimensional ideal in R and let J be a generic link of I in S = R[u;j]cxr. We describe the
parameter test submodule of S/J in terms of the test ideal of the pair (R, I) when a reduction of I is a
complete intersection or almost complete intersection. As an application, we deduce a criterion for when
S/J has F-rational singularities in these cases. We also compare the F-pure threshold of (R, I) and (S, J).

1. INTRODUCTION

Let R = k[z1,...,xy] be a polynomial ring over a field of positive characteristic. Let I = (f1,..., fr) be an
equi-dimensional ideal in R of height ¢, where equi-dimensional means that all associated primes of I have the
same height [Mat86]. We can define a regular sequence g1, .. ., ge iIn S = Rluij]exr via g; 1= wit f1+- - -+ uir fr,
where the u;; are variables over S. Then J = (g1,...,gc) : I is called a generic link of I in S = Rluy;].
The study of generic linkage has attracted considerable attention and has been developed widely from both
algebraic and geometric points of view [HUST], [HUSS], [CU02], [EHU04], [Niul4].

In contrast to the quick and deep development of singularity theories in the past decades, much less
has been known about the behaviors of singularities under generic linkage. A special case is a result of
Chardin and Ulrich [CUQ2] which says that if R/I is a complete intersection and has rational (resp. F-
rational) singularities, then a generic link S/J also has rational (resp. F-rational singularities). This result
in characteristic zero has been vastly extended in recent work of Niu [Niul4], which is our main motivation
for this research.

Theorem 1.1 (Theorem 1.1 in [Niul4]). Let J be a generic link of a reduced and equidimensional ideal T
in S = Rlu;;] and assume that the characteristic of k is 0. We have
(1) wgﬁ] ~ 7(R,I°)-(S/J), where wgf/]} denotes the Grauert-Riemenschneider canonical sheaf of S/J
and Z (R,I°) denotes the multiplier ideal of the pair (R,I°),
(2) lct(S,J) > let(R, I). In particular, if the pair (R, 1) is log canonical, then the pair (S, J¢) is also
log canonical.

This result gives a nice criterion for a generic link to have rational singularities in characteristic 0. It also
has applications to bounding the Castelnuovo-Mumford regularity of projective varieties [Niul4l Corollary
1.2]. Since test ideals and F-pure thresholds are characteristic p analogues of multiplier ideals and log
canonical thresholds (c.f. [BST15] and [HY03]), it is natural to ask whether analogues of Theorem [[.T] hold
for test ideals and F-pure thresholds. Our main result is the following, which partially extends Theorem [[T]
to characteristic p and generalizes [CU02, Theorem 3.13] in characteristic p.

Theorem 1.2 (Theorem B3] Corollary ). Let J be a generic link of an equi-dimensional ideal I in
S = Rlu;;| and assume the characteristic of k is p > 0.

(1) Suppose I is reduced and that a reduction of I is a complete intersection or an almost complete
intersection. Then T(wg/ ) = 7(R,I¢) - (S/J), where T(wg,;) denotes the parameter test submodule
and T(R,I¢) denotes the test ideal of the pair (R, I°).

(2) Suppose that a reduction of I is a complete intersection. Then fptg(J) > fpty(I). In particular, if
the pair (R, I¢) is F-pure, then the pair (S, J€) is also F-pure.

This paper is organized as follows: in Section 2 we recall and prove some basic result for F-singularities
and test ideals; in Section 3 we give a description of the parameter test submodule of S/J in terms of the test
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ideal of the pair (R, I), when a reduction of [ is a complete intersection or an almost complete intersection.
This generalizes earlier results in [CUQ02]. In Section 4 we compare the F-pure threshold of the pairs (.5, J)
and (R, I) when a reduction of I is a complete intersection.
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2. F-SINGULARITIES AND TEST IDEALS

In this section we collect some basic definitions of F-singularities and test ideals and prove a characteristic
p > 0 analogue of Ein’s Lemma in [Niul4], which will be used in later sections.
Let R be a Noetherian commutative ring of characteristic p > 0. We will use F¢ R to denote the target of

the e-th Frobenius endomorphism F° : R % R, i.e. FZR is an R-bimodule, which is the same as R as

an abelian group and as a right R-module, that acquires its left R-module structure via the e-th Frobenius

endomorphism F° : R =" . R. When R is reduced, we will use R'/?" to denote the ring whose elements

are p°-th roots of elements of R. Note that these notations (when R is reduced) F¢R and RY?" are used
interchangeably in the literature; we will do so in this paper as well assuming no confusion will arise.

Remark 2.1. If R is a commutative ring essentially of finite type over a perfect field of characteristic p > 0,
then R admits a canonical module denoted by wgr. Applying Hompg(—,wgr) to the e-th Frobenius R — F¢R
produces an R-linear map
HomR(FfR, wR) — HomR(R,wR) = WQR-

Moreover, we have Ffwr = Homp(FER,wr) (see [BST15, Example 2.4] for more details). Hence we have a
natural R-linear map:

®% : Fiwrp 2 Homp(FER,wr) — Homp(R,wr) = wr
called the trace map of the e-th Frobenius.

Example 2.2. When R = k[z1,...,2,] is a polynomial ring over a perfect field k of characteristic p > 0,
we can identify wgr with R, and ®% can be identified with the usual trace Tr%, that is:
(A el Gt D N Tt ikt D) in—(p=1) e = (p°—1)
TG (Fe (2o - ain)) = { ¥ ox, 7 cexn T, i % € Z for each t
0, otherwise

In this case Hompg(FER, R) is a cyclic Ff R-module generated by Tr%. Furthermore, if f1,..., f. is a regular
sequence in R and T'= R/(f1,..., f.), then we have ([Fed83, Corollary on page 465]@)

O5(F(—)) = image of Trg(FE(f - fF"71. =) in T.

Remark 2.3. Let R = k[z1,...,2,] be a polynomial ring over a field k of characteristic p > 0 and A =
R[y1,...,Ym] be a polynomial ring over R. For each ideal I in R, it is well known and straightforward to
check that

Trp(FY(1)A = Try (FY (TA)).

Lemma 2.4. Let S — R be a surjection of Noetherian commutative rings of characteristic p. Assume that
both S and R admit canonical module wg and wg respectively and dim S = dim R. Then

e __ e
R — S|wR'

IFedder’s result [Fed83, Corollary on page 465] assumes that the ring R is a Gorenstein local ring only to ensure that
Homp(F«R,R) & FyR. In our case, R = k[z1,...,2n] is a polynomial ring, so Hompg(FxR, R) is clearly isomorphic to
FyR. Hence Fedder’s result applies in our case.
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Proof. Under our assumptions, we have wg = Homg(R,wg) and the surjection S — R induces an inclusion
wr = Homg (R, ws) — wg. Consider the following diagram

Hompg (F¢R,Homg(R,ws)) —— Hompg (R, Homg (R, ws)) —— Homg(R, ws)

| | |

Homg(F?S,ws) Homg (S, ws) —————ws

Note that the top row (resp. the bottom row) induces the trace map ®%, (resp. ®%). To prove our lemma,
it suffices to prove

(a) the vertical map on the left is an inclusion, and
(b) the diagram commutes

To prove (a), note that the vertical map on the left can be refined further as
Hompg(FfR,Homg(R,ws)) = Homg(Ff R, Homg (R, ws))
— Homg (F¢S,Homg(R,wg)) since F¢S — FER
— Homg (F¢S,wg) since Homg (R, wg) < wg
To prove (b), note that the commutativity follows directly from the commutativity of

S ——F¢cS

|

R— 5 F°R
O

Definition 2.5 (¢f. Definition 3.1 in [Har01] and Definition 2.33 in [BST15]). Let R be an F-finite Noe-
therian integral domain of characteristic p. The parameter test submodule T(wg) is the unique smallest
nonzero submodule M of wg such that ®r(F.M) C M. R is called F-rational if R is Cohen-Macaulay and
7(wg) = wgr. Note that this is not the original definition of F-rationality, but is known to be equivalent
[Smi97].

Definition 2.6 (cf. Definition 3.16 and Theorem 3.18 in [Sch1i]). Let R be an F-finite Noetherian integral
domain of characteristic p. Let I C R be a nonzero ideal and t € Q>¢. We define the test ideal T(R, "),
abbreviated 7(I*), to be the unique smallest nonzero ideal J C R such that ¢(F¢(I®°=D1J)) C J for all
e >0 and all ¢ € Hompg(FER, R).

Definition 2.7 (c¢f. Definitions 1.3 and 2.1 and Proposition 2.2 in [TWO04]). Let R be an F-finite, local,
Noetherian, integral domain of characteristic p. Let I C R be an ideal and ¢t > 0 be a real number.
(1) The pair (R, I') is F-pure if for all large e > 0, there exists an element d € I®" 1] such that
(Fed)R — FCR splits as an R-module homomorphism.
(2) The pair (R, I') is strongly F-regular if for every ¢ # 0 there exists e > 0 and d € I'*"! such that
Ff(ed)R — FER splits as an R-module homomorphism.
(3) The F-pure threshold fptp(I) of (R, I) is sup{s € Rx>g| the pair (R, I®) is F-pure}, and when R is
strongly F-regular, we also have fpt(I) = sup{s € R>¢| the pair (R, I®) is strongly F-regular}.

Remark 2.8. Note that when R is local, (R, I?) is strongly F-regular if and only if 7(I*) = R. Indeed,
suppose (R, I*) is strongly F-regular. Pick a nonzero element ¢ € J and take e > 0 and d € I™""1 satisfying
the conditions of strong F-regularity for ¢, and let ¢ : FER — R be a map such that ¢(F£(cd)) = 1. Then

G(FeIP VL) D g(Fe(11%°17)) = R,
and so 7(I') = R.
On the other hand, if 7(I*) = R, 0 # ¢ € R, and a € I'*1| then there exists ¢ > 0 and ¢ : FR — R such
that ¢(Fe(I"®*~DlgeR)) = R. Let b € I"®" =D1 and f € R such that ¢(F¢(c(abf))) = 1. Then we are

done once we note that abf € IT1IMt®°=D1 C rito"],
3



We will need the following important description of test ideals:

Theorem 2.9 (¢f. Proof of Theorem 3.18 in [Schll]). With the notations as in Definition [2.8, for any

nonzero a € T(I'), we have:
T =YY (F (a1
e>0 ¢

where the inner sum runs over all ¢ € Homp(FER, R).

Remark 2.10. With the notations as in Definition 28 the following holds ([BSTZ10, 3.3])
(2.10.1) T =>" > H(FE(dI )
e>0 pcHomp (F¢R,R)

where d is a big test element (which is just a nonzero element in 7(R) = 7(R, I?)).
If R = k[x1,...,2,] is a polynomial ring over a perfect field k of characteristic p > 0, then one can set
d =1 in I0T) and Hompg(F¢R, R) is a cyclic F¢R-module generated by Tr% as discussed earlier. Hence

by (ZI0.1),
T =>" > S(FS (al"P"=DT)) = N " (Fe(aI ™"~ D)), for any a € 7(I")

e>0 pcHomp (FER,R) e>0
=2, 2 M) =) W)
e>0 pcHomp (FER,R) e>0

Remark 2.11. With the notations as in Definition 2.5 one can show that if R, is regular, then for every
sufficiently large power a of a’, 7(wg) = ), ®%(Ff(a - wgr)). This can be proved by a similar argument as
[ST12] Lemma 3.6, Lemma 3.8] so we omit the details.

The following result from [ST12] will also be used. These results were originally proved in [HY03] and
[HT04], and they hold as long as R is F-finite. We will only state the version of these results that we need.

Lemma 2.12 (¢f. Theorem 6.9 in [ST12]). Let R be an integral domain essentially of finite type over a
perfect field of characteristic p > 0 and let I,J C R be nonzero ideals and t € R>.

(1) If J is a reduction of I, then 7(I') = 7(J*).

(2) If J is generated by r elements, then 7(J") = Jr(J"71).

We are ready to prove the characteristic p > 0 analogue of Ein’s Lemma in [Niuld]:

Lemma 2.13 (Ein’s Lemma in characteristic p > 0). Let R be an integral domain essentially of finite
type over a perfect field of characteristic p > 0 and let I C R be an equi-dimensional and unmized ideal
of codimension c. If T(I°1) = R, then 7(I¢) = I. In particular, if R is strongly F-regular and (R,I€) is
F-pure, then 7(I¢) = 1.

Proof. The lemma will follow from the following two inclusions:

(2.13.1) r(I°) C I.

(2.13.2) IT(I'™Y) C 7(I*) for all t > 1.
Indeed, if 7(I°7!) = R, then I = I7(I¢~') C 7(I¢) C I, and so we have equality throughout.

Proof of (2131]). Since inclusion is a local condition, we may assume that R is local with maximal ideal m.
By replacing R by R[x]mpg[:], We may assume that R has infinite residue field: it is straightforward to check
that 7(I°)R[z|mR[z) = T((IR[T]mR[z))¢). Now let p be a minimal prime of I. Since I is equi-dimensional,
dim R, = c¢. Hence IR, has a reduction J C IR, generated by c elements. Therefore, since test ideals
localize,
T(I°)Ry = 7((IRy)®) = 7(J°) = J7(J™ ') C J C IR,.
Since every associated prime of I is minimal, this inclusion holds for all associated primes of I, hence it holds
globally, i.e. 7(I¢) C I. O
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Proof of (213.2). This should be well known to experts in the field; we opt to provide a proof here since we
could not locate a proper reference. Let ¢ € R>1, and pick 0 # a € 7(I*). Then

(1Y) IZZgb(Fe (aﬂt D 4)1))

e>0 ¢
Tl°l =1 4)1))

=3 > o (m
al? 17— 1><p671>1))

e>0 ¢

DI

e>0 ¢

(
:ZZ¢(F P HTE=1)( pflﬂ))
(

(w
(
el
SHMEICESD)

e>0 ¢
=T7(I"),
where the inner sum runs over all ¢ € Hompg(F¢R, R) and the last inclusion following from the fact that
P+ [E=1 =D =[p+ -1 -] = [t —1)+1] > [t(p° - 1)]. O

For the last statement, if (R, I¢) is F-pure, then the F-pure threshold of I is at least ¢. Since the F-pure
threshold is the supremum of those values t for which (R, ) is strongly F-regular when R is strongly F-
regular [TW04, Proposition 2.2], we have that (R, I°~1) is strongly F-regular. This means that 7(I°71) = R
by Remark 28 and hence the first statement of the lemma tells us 7(7¢) = I. O

3. F-RATIONALITY UNDER GENERIC LINKAGE

In this section, we investigate how F-singularities (e.g. F-purity, F-rationality, etc) behave under a
generic linkage. To this end, we will also consider the behaviors of test ideals under a generic linkage. We
begin with recalling the definition of a generic link.

Definition 3.1. Let R = k[x1,...,2,] be a polynomial ring over a perfect field of positive characteristic.
Let I be an equi-dimensional and unmixed ideal of R of height ¢. Fix a generating set {f1,..., fr} of I. Let
(uij), 1 <1 <e 1<j<r beacxr matrix of variables. Consider ¢ elements gi,...,g. in S = Rlu;j]
defined by

gi = uinfi +uiafo+ -+ upfr
for 1 <i<e¢ Then J = (g1,...,9c) : (IS) is called the first generic link of I with respect to {f1,..., fr}
(we also call S/J the generic link of R/I with respect to {f1,..., fr}).

Remark 3.2. It is well known that under the above assumptions, if I is reduced, then IS and J are geomet-
rically linked, i.e., IS = (g1,...,9.) : J and ISNJ = (¢1,...,9c). Moreover, J is actually a prime ideal of
height ¢ [HUS5, 2.6].

The following theorem is our main technical result in this section.

Theorem 3.3. With the notation as in Definition 31, assuming I is reduced, we have
(1) T(wsy) € 7(I°) - (S/J);
(2) If I has a minimal reduction generated by at most ¢ + 1 elements, then T(wS/J) D (1) - (S/J);
hence T(wg,y) = T(I¢) - (S/J) in this case.

Our proof of Theorem B.3)2) requires considering different sets of generators of I. A priori, a generic link
(S, J) depends on the choice of generators. The following lemma guarantees that the statement in Theorem
B23(2) is independent of the choice of generators of I. Its proof follows the same line as the proof of [HUS7,
Proposition 2.11].

Lemma 3.4. Let Ay and As be two sets of generators of I and let (S1,J1) and (Se, J2) be generic links of
I with respect to Ay and Ao respectively. Then T(ws,/7,) 2 T(I1¢) - (S1/J1) iff T(ws,/1,) 2 T(I) - (S2/J2).
5



Proof. By considering A; U Ay, we can assume that A; C As. By induction on the difference between the
cardinality of A; and Ay, we may assume that Ay has one more element than Ap, i.e. we may assume that

Al = {fl, .. -7f7"} and A2 = A1 U {fr+1}-
Denote the height of I by c¢. Let {u;; | 1 < i < ¢,1 < j < r+ 1} be indeterminates over R. Set
=1,.

Sl = [’U’ljhﬁlSquSJST and SQ R[uwhSlSC’lSJSTJA For 1 ..y Cy set
gi = ua f1+ o+ Ui fr
and
hi =wa fi+ - Uirg1 fre1

Then J1 = ((g1,---,9c) :s IS5) is the first generic link of I with respect to Ay and Jo = ((hy,...,he) :5, 152)
is the first generic link of I with respect to As.

It is clear that So = S1[u1,r+1,- - -, Uc,r41]. Since fry1 € I, we must have that f,11 = Z;Zl a;f; for some
aj € R. Let ¢ : S — S be the automorphism given by the linear change of variables

Usj > Uij + Ui rt105
forl<i<cand1<j<rand
U r41 > Ui r41

forl <i<e.
We claim that ¢(J1.52) = Jo and we reason as follows. For ¢ = 1,..., ¢, we have that
90(91) = Z(uw + u; r+la] Zuwf] + Ut Za]f] Zuijfj +ui,r+1fr+1 = h;.

j=1 j=1
Now since S; < S5 is a faithfully flat extenswn, we have that

Jng = ((gl, e ,gc) 'S ISl)Sg = ((gl, e ,gc)Sg 'So ISQ),

and hence
©(J1S2) = ¢((g15---,9¢)S2 15, 1S2) = (¢(91,---19¢)52 5, p(IS2)) = ((h1, ..., he) 5, 1S2) = J

Let S denote the Si-algebra that is the same as S2 as a ring and whose Si-module structure is induced by

S1 < Sy £ S5, Then we have shown that J; ®s, Sy = Jo and hence S1/J; ®g, S3 = S3/J2. Combining
Remarks 2.3l and 2.T1] one can check that

T(wSI/Jl) ®s, S2 - T(wsl/Jl ®s, SLP)

where the right hand side is precisely 7(wg,/s,). Our lemma follows immediately since S§ is faithfully flat
over S7. O

The following lemma is also needed in the proof of Theorem

Lemma 3.5. Let ¢,r be positive integers such that c =1 orc=1—1. Let 8 = (81,...,0;) be an element
of N", where N is the set of non-negative integers. Assume ) . B; = c(p® —1). Then there exist ¢ elements
i, ..., e 1 N” such that:

(1) each a; has at most two nonzero entries;

(2) the sum of the entries of each oy is p® — 1;

(3) Bj =, cvij, where a; = (i1, - - ., Q).

Proof. We will induce on r. If c =r =1, then 8 = (p¢ — 1) and we let a1 = 8. If ¢ = 1,7 = 2, we have
B = (51, B2) where 81 + B2 = p© — 1 and we can let oy = (81, f2) and again (1)-(3) hold.
Ifc=rand 8y =--- = B. = p°— 1, then we can set «; to be the vector with p¢ — 1 at i-th spot and 0
elsewhere. Otherwise, there must be a 8; < p® — 1. Without loss of generality, we assume that 3, < p® — 1.
We claim that 8; > p® — 1 — 3, for some j between 1 and » — 1, and we reason as follows. If ¢ = r, then
there must be a j such that 8; > p® — 1, and hence 3; > p® — 1 — 3,. Now assume that ¢ =r — 1. Suppose
Bi <p®—1—0, forall i <r —1, as then we would have:

Zﬁl (r=1Dp —1=8)+6<(r=2)p—1-8)+ @ -1) < (r—1)(p°—1) =c(p° - 1)

6



which contradicts the assumption that > ;_, 8; = ¢(p® — 1). So, there is a j between 1 and r — 1 such that
ﬁ] p —-1- Br
Set a. :=(0,...,0,p¢° —1—3,,0,...,5.) where p¢ — 1 — 3, appears in the j-th spot. Consider
(ﬂla v 7ﬂj717ﬂj - (pe -1~ ﬂT)vﬂj+la v aﬂTfl)-

This is an element of N"~! such that the sum of its entries is (c — 1)(p® — 1). By our induction hypotheses,
there are 71, ...,7.—1 € N'~1 that satisfy (1), (2), and (3). For 1 <14 < ¢—1, setting o; be ; with a 0 added
to the end completes the proof of our lemma. O

Proof of Theorem [Z.3. By Remark [B2] J is a minimal prime of (g1, ..., g.). Hence once we identify
wsyy =Homg,(g,,....0.)(S/ .5/ (g1, - -, 9¢)) = (91, -+, 9c) : ) - (S/J) =1-(S/J),

we know from Lemma [2.4] that

p—1

OG5 (FE () = 50,90y (FE () lusyy = TIS(FL (g -+ 68

Next we notice that for every 1 <k <r, (S/J)s, = Ry, [uij|j # k] is regular. Hence for N > 0, f is a test
element for S/J. Thus by Remark 21Tl we have:

(3.5.1) T(wsys) = @Y (FE(Y wsps) = D T§(Fe(gy " -oegl = 1Y - 18)) - (S/)

e>0 e>0

“Dlr(sya-

Since fr € I and R is regular, by Remark 210, for N > 0 we also have:
(35.2) T(I%)-(S)T) = Y TR(F((fr, o f) P Y- R)) - (S))

e>0

When we expand gftl --gP" =1 it is easy to see from (F5.0) that T(wg,s) can be generated by elements of
the form

e e p°—1 pe—1 Qij iz
wsa) s ( Voo (WS e T se T1

11y -0 Ay Qelyeeny 1<i<e 1<i<e
135<r 125<r
where 0 < a; <p°®—1, 8, = > i_, aij, Z;Zl Bj = c¢(p® —1) and s € I. By definition of the trace map, this
is equal to

D‘”+71J (p°-1) e _ e _
- e e p 1 P 1
11y ..., A1y Qely vy Oer

1<i<e
1<5<r

where W%;%Z(pefl) denotes 0 if a;; +7;; Z —1 mod p°. But it is clear that this element is in 7(1¢) - S by

expression ([35.2)). This proves (1).
Next we prove (2). By Lemma B4 we can assume that I = (f1,..., fet1) is a reduction of I (the case

that I has a reduction generated by c¢ elements is similar). Hence by the arguments above, we have that, for
1<k<cand N >0,

TI) - (S)) =TI - (S/J) = > TGHF((frs- - for) P D [V R)) - (S/T)

e>0
Given a generator fi* - fﬁC“ of (fi,..., fer1)?? =V we can find v, ..., . € Nt satisfying the conclu-
sion of Lemma Then
Oliq Qg ﬂ
I Gwsrp= T1 w5 11 #7
1<i<e 1<i<e 1<j<c+1
1<j<e+1 1<j<e+1

. . — € . c—1 e __ .
appears with coefficient (a11 P° a11 +1) e (a . P al » ) in the product g¥ ~* ---g? ~!. Because each multino-
EARAS] c clyeey c,c

mial coefficient (, ' ) = (¥ ') for some j; by LemmaB3 (1)-(2), they are nonzero in k.

Qe Qi ct1 Qg
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Each aj is less than p®, so let

e e
’ P —1—ay; p¢—1
s = I I Uy | | Uz
1<i<e 1<i<e

1<j<c+1 c+2<<r

Then Trg(F¢(— - s')) sends H1§l<n 2T i u;;” to 1 and all other basis elements to 0. Hence,

1<j<c+1
Te§(Fe(gl ~togl 7 TS R))
e_1 e_1 c+1
:TI‘BS F: ( p )< p ) H u;D 71Hfﬂ] f]iv-‘rlR
0611,...,061)0_1,_1 aclu'-'7ac,c+1 1<i<e j=1
1<5<r
c+1
:TI'% F: H fBJ . N+1 R
j=1
In particular,
c+1
T (B (T2 5 R | (S/) = T (Be (g7 gt =L - s’ R)) - (S/0) € m(wsy)
7j=1
ct+1 0B c(p®—1) : : :
for every generator [[;1} f;” of (fi,.... fey1) , where the second inclusion follows from expression

BEJ). Therefore we have
T(I°) - (S/7) = 7(I°) - (S/J)
= TG (fro oo o) 0 - fNTR)) - (S))

e>0
C 7(wsyg)- [

Remark 3.6. The proof of Theorem (2) requires the minimal reduction be generated by at most ¢ + 1
elements. If not, then we are not in the case of Lemmal3.0 and it may be the case that there are always at least
three nonzero entries in some «;. Consequently, multinomial coefficients must be taken into consideration.

Corollary 3.7. With the notation as in Definition[31 and the assumptions as in Theorem[33 (2), T(wg/s) =
wgyg if and only if T(I¢) = I. In particular, S/J has F-rational singularities if and only if S/.J is Cohen-
Macaulay and 7(1€) = 1.

Proof. If 7(1¢) = I, then Theorem immediately implies 7(wgs,7) = wg/ -

Conversely, assume that 7(1¢) # I and 7(wg/s) = wg,s. Since 7(I¢) is always contained in I by (Z.I3.1]), at
least one of the generators of I is not in 7(1¢), say fi. From Theorem B3] we can see that 7(1°)S+J = IS+J;
hence fi € 7(1°)S + J. Thus, there are elements a € 7(I°)S and b € J such that f; = a +b. (Note that
b # 0.) Then we have f; — a € J which implies that (f1 —a)f1 € (g1,...,9.). However, this is impossible
because of the degrees in the w;;. This is a contradiction.

The last assertion is clear because S/.J is F-rational if and only if S/.J is Cohen-Macaulay and 7(wg/s) =
wS/J. O

Corollary 3.8. With the notation as in Definition [31] and the assumptions as in Theorem [3.3 (2), if the
pair (R,I¢) is F-pure and R/I is Cohen-Macaulay, then S/J is F-rational. In particular, if R/T is an
F-pure complete intersection, then S/J is F-rational.

Proof. By Lemma 213 (R, I¢) is F-pure implies 7(I¢) = I. The first statement thus follows from Corollary
B7 Finally, it is well known that when R/I is an F-pure complete intersection, the pair (R, I¢) is F-pure.
This follows from a Fedder type criterion ([Tak04, Lemma 3.9] and others). 0

We can recover [Niul4l Corollary 3.4] in the complete intersection and almost complete intersection cases.
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Corollary 3.9. Let I = (fi1,...,fr) be an ideal of Clx1,...,x,] and let ¢ be the codimension of I. Let S
and J be in Definition [31l. Assume that r < ¢+ 1. Then S/J has rational singularities if and only if S/J
is Cohen-Macaulay and Z(I¢) = I, where . (1°) is the multiplier ideal of I°.

Proof. By [Smi97] and [Har98]|, S/J has rational singularities if and only if its reduction (S/J), is F-rational
for all p > 0. It is easy to see that, for p > 0, the reduction J, of J is a generic link of the reduction I, of
I. Hence, S/J has rational singularities if and only if (S/J), is Cohen-Macaulay and 7(I;) = I, for p > 0
by CorollaryB7l On the other hand, it was proved in [HY03] that .#(1¢), = 7(I;) for all p > 0. Therefore,
we have S/J has rational singularities if and only if (S/J), is Cohen-Macaulay and .#(I¢), = I, for p > 0.
This completes the proof. O

4. BEHAVIOR OF F-PURE THRESHOLD UNDER GENERIC LINKAGE

In this section we investigate behaviors of F-pure thresholds under generic linkages. We begin with an
easy lemma.

Lemma 4.1. Let R = k[z1,...,x,] be a polynomial ring over a perfect field of characteristic p and I be an
equi-dimensional and unmized ideal of R. Let A1 and Ay be 2 sets of generators of I and let (S;, J;) be the
generic link with respect to A; (i=1,2). Then

fptg, (J1) = fptg, (J2).
Proof. As in the proof of Lemma [34] we can assume that Ay = {f1,..., f-} and As = {f1,..., fr, fr41}-
Let ¢ and S be the same as in the proof of Lemma 34l It is straightforward to check that

7(J7) ®s, S5 = 7(J3)
for each nonnegative real number ¢. Our lemma follows immediately. 0

Remark 4.2. Let k C K be an extension of perfect fields and let R = k[z1,...,z,] and T = Klx1,..., 2]
Since Homp(R'Y?", R) and Homy(T/?", T') are generated by the same projection, we have 7z (I*) = 77 ((IT)")
(c.f. [BMSO8, Remark 2.18]).

Theorem 4.3. Let R = k[z1,...,x,] be a polynomial ring over a perfect field of characteristic p and I be
an equi-dimensional and unmized ideal of height ¢ in R. Assume that I = (f1,...,fs) and that I has a
let T

gi = uitf1 +uiafa + ..+ uis [

Then fptg(g1,- .., 9c) > 5 fptp(l).

Proof. By Lemma LT, we can add the generators of I to those of I and then assume that I = (fis-ey fr)-
Since I is a reduction of I, it follows from [TW04, Proposition 2.2(6)] that fptp(I) = fpty(I). Hence it
suffices to show that 7r(I') = R implies 75((g1,...,9¢) ") = S for any positive real number ¢ < ¢. To this
end, assume that TR(f *) = R. By Remark 2] we may assume that k is algebraically closed.

ct

We wish to show that 75((g1,-..,9.)") = S. Suppose otherwise and we seek a contradiction. There
is a maximal ideal m of S such that 75((g1,...,g.)* ) € m. Since k is algebraically closed, we can write
m = (x1 — a1,...,Tn — Gp,U11 — D11, ..., Uer — ber) fOr some a;,b;; € k. Set n = (21 — a1,...,%Tn — Gp).

Since Tr(I') = R, there exist an integer e, an R-linear map ¢ € Homg(R'/?", R), and nonnegative integers
ai,...,op with Y~ a; = [tp®] such that qﬁ(flo‘l/pe---ffr/pe) ¢ n.

At this point we show that each f; € n, and therefore o; < p® — 1 for all j. Indeed, let e > 1 such
that p¢ > ¢/(c —t) and let ¢ : S/P° — S send the basis element u(pefl)/peuggefl)/pe -~-u§?€71)/pe to 1

15
and all other basis elements x?e/p ul;;-j/p to 0. Now fjcgfc_lggc_l cog? T e (g1, ge)[/MPT ] because
(ct/r)p® < tp® < ¢(p® — 1). Therefore
fjc _ 1/}(fj0/p ugl; -1)/p ugl; -1)/p Ug -1)/p fJf_:(p -1)/p )
_ w(f;/p gip -1)/p gép -1)/p ”.ggpc—l)/pe)

N

(g1, 7gc)F(ct/T)ioeT)l/pe) Cm
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by our choice of ¢ and the assumption that 7s((g1,. - .,
Without loss of generality, we may assume that p¢ —

et ae > [Sla+oran)| = [SpT] 2 S0

ge) v ) Cm. It follows that f; e mN R =n.
1>a; >as > > a,. Consequently,

Let ¢o = ¢(fajfl/pe e fro”/pe -—), i.e. pre-multiplication by ffj{l/pc e ff‘r/pe followed by the application

C

of ¢. It is clear that ¢, : RY?" — R is an R-linear map and that oo f‘l/pe . -ff‘c/pe) ¢ n. We can extend
$o to an S-linear map v, : RY/?"[u;;] — S = R[u;j] that sends each u;; to itself and restricts to ¢, on R'/?".
It is clear that S¥/P° = R'/P" [uzj/pe] is a free R'/?"[u;;]-module with a basis {TTo<p,, <pe—1 ul;;-j/pe}. Let

Ty @ RVP" [ujj/pe] — RY?"[u,;] be the projection that sends u(fll/pe - u/P 0 1 and all other basis elements
to 0.
Ta

e € wza . . .
Let 6, be the composition of S/P° —= RYP'[u;;] —= S. Tt is clear that 6, is S-linear. By the
construction of 7, it is straightforward to check that

eg(gtln/P .. .g?c/Pe) — eg((ullfl)al/pe .. .(uccfc)ac/Pe) — (b(f{h/p .. .f;lr/Pe)_

Since qﬁ(flal/pe---ff‘r/pe) in R but not in n = (1 — ai,...,T, — a,), we must have

¢(fla1/p ...ng/PC) ¢m: (./L'l —Q1,...,Tpn — Qn, U11 _bllu'-'7uc’l‘_bc’l‘)7

ct

a contradiction to the assumption that 75((g1,...,9c)) € m (note that g{ --- g% € (g1,...,9¢) 521). O
We have some immediate corollaries.

Corollary 4.4. Let R = k[x1,...,2,] be a polynomial ring over a perfect field of characteristic p and I be
an equi-dimensional and unmized ideal of height ¢ in R. Let J be a generic link of I in S = Rlu;]. The
following hold:

(1) If I has a reduction generated by r elements, then fptg(J) > S fptp(I).
(2) If I has a reduction generated by c elements, in particular if I is a complete intersection, then

fpts(J) > fptR(1).
(3) fptg(J) > £iptr(I) (note n = dim(R)).

Proof. To prove (1), note that since (g1,...,9.) C J, we have fptg(J) > fptg(g1,...,9:). Theorem A3 then
completes the proof.

(2) is an immediate consequence of (1).

(3) By Remark 2 passing to the algebraic closure of k doesn’t affect fpty(I) and fptg(J). Hence we
can assume that k is algebraically closed and hence is infinite. [Lyu86, Theorem] asserts that each ideal T
admits a reduction generated by n elements. We are done by (1). O
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